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Abstract

The thermoelectric instability in tokamak divertor has been studied numerically by using a ®ve-point model. When

the divertor plasma temperature Tdiv decreases below a critical temperature, this instability arises in a symmetric

equilibrium of scrape-o� layer (SOL) and divertor plasmas, and stable asymmetric equilibria are found. The SOL

current causes spontaneously the divertor asymmetry at the onset of the thermoelectric instability. In an asymmetric

equilibrium, the SOL current ¯ows from the higher-Tdiv side to the lower-Tdiv side. The heat ¯ux ¯owing into the di-

vertor plate of the higher-Tdiv side becomes larger than that of the lower-Tdiv side. The heat ¯ux asymmetry is larger for

cases of high recycling and low heating power. Ó 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

The parallel current in the SOL plasma has been

experimentally observed in several tokamaks [1,2], and is

considered as one of the causes of the divertor asym-

metry. The critical point for the onset of the asymmetry

taking account of the SOL current has been studied

analytically and numerically by Staebler [3]. He showed

that the SOL current spontaneously generates the di-

vertor asymmetry at the critical point. On the other

hand, the instability caused by the SOL current has been

pointed out qualitatively by LaBombard [1]. The

mechanism of the instability is schematically shown in

Fig. 1. The electron temperature asymmetry, TsA > TsB

in Fig. 1, causes the sheath potential di�erence between

the both ends of the magnetic ®eld line. This thermo-

electric e�ect generates the SOL current j ¯owing from

the high-temperature side A to the low-temperature side

B. The SOL current j drives an asymmetric heat ¯ux qj

in the opposite direction of the current, which carries the

electron energy from the low-temperature side B to the

high-temperature side A. This heat ¯ux asymmetry, in

turn, increases the electron temperature asymmetry.

This instability is called ``thermoelectric instability''.

In this paper, we investigate numerically the divertor

asymmetry from the viewpoint of the thermoelectric

instability by using a ®ve-point model [4] for SOL and

divertor plasmas. Symmetric and asymmetric equilibria

of the SOL and divertor plasmas are quantitatively ob-

tained and the stability of the equilibria is analyzed.

2. Five-point model for SOL and divertor plasmas

We analyze the thermoelectric instability by using a

®ve-point model. Fig. 1 also shows a geometry of the

model. The detailed model is described in Ref. [4].

2.1. Fluid equations

The model is based on ¯uid equations, i.e., particle,

momentum, energy, generalized Ohm's law, and current

equations. We investigate attached divertor plasmas in

the present study, and the momentum equation does not
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take account of the momentum loss. Perpendicular

currents are not taken into account, for simplicity. Some

of the important equations in the model as described as

follows. Equations for the energy and generalized Ohm's

law are given as
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where z is the length along the magnetic ®eld and the

thermal force coe�cient a is given as a � 0:71 for singly

charged particles [5]. Quantities /; j, and n, denote the

electrostatic potential, SOL current density parallel to

the magnetic ®eld, and plasma density, respectively. We

assume that the electron temperature Te and the ion

temperature Ti are the same for simplicity, Te � Ti � T .

The electric resistivity g is given as g � gx � Tÿ3=2. The

parallel heat ¯ux of the sum of the ion's and electron's,

q, includes both conductive and convective ¯uxes,
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where C denotes a parallel ion particle ¯ux. The electron

heat conductivity parallel to the magnetic ®eld jek is

given as jek � j�T 5=2. The current drives an heat trans-

port in the opposite direction of the current as given by

the second term in RHS of Eq. (3).

The energy source term W in RHS of Eq. (1) is de-

®ned in each region as explained as follows. In the SOL

region, the source term WSOL takes account of the radial

di�usion of the energy into the SOL from the core

plasma. In the divertor region, the source term Wdiv takes

account of the energy loss due to the ionization of

neutrals and the impurity radiation, and is assumed to

be given by Wdiv � ÿkDESN where DE and SN denote the

ionization energy per an ionization event

(DE � 13:6 eV) and the plasma particle source due to

the ionization of neutrals, respectively. The e�ective

enhancing factor k is chosen to be 4, which is an em-

pirical value for JT-60U experiments [6].

Boundary conditions at the entrance in front of a

divertor plate are given on the basis of the sheath theory

[7] as follows. The parallel ion particle ¯ux Cs and the

parallel heat ¯ux qs are given by Cs � ns

�������������
2Ts=m

p
and

qs � csCsTs, respectively. The heat transmission coe�-

cient cs and the current density j are given by
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eCs

ÿ 1ÿ j
eCs

� �
ln 1ÿ j

eCs

� �
; �4�

j
eCs

� 1ÿ exp bÿ e
Ts

�/s ÿ /p�
� �

; �5�

where the subscripts s and p correspond to the sheath

entrance and the divertor plate, respectively. Values of b
and c� for deuterium plasma are 2.8 [7] and 7.8 [6], re-

spectively.

2.2. Extension of ®ve-point model

In Ref. [4], the model employed an approximation

that the temperature is uniform in the SOL region and

TuA and TuB at the up-stream throat of each divertor

region are the same, TuA � TuB � T0. This approxima-

tion, however, is not always adequate for the analysis of

the thermoelectric instability because the energy ¯ux

carried by the SOL current into (or out of) the divertor

region, ÿ�5=2� a�jTu=e; plays an important role to

cause the thermoelectric instability. In this paper, we

take account of the variation of the SOL temperature.

The conductive parts in Eq. (3) at the throat A and B are

written as
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The length lT is measured from the left-side throat of the

divertor region A, and corresponds to the position

where the temperature has a maximum value T0. The

equation for lT is given by integrating Eq. (1) in the SOL

regions with the use of Eqs. (2) and (3),

lT � LSOL

2
ÿ quB ÿ quA � 5T0j=e� a�TuB � TuA�j=e

2�WSOL � g�T
ÿ3=2
0 j2�

: �8�

Note that the position denoted by lT is di�erent from the

stagnation point denoted by lstag.

Fig. 1. Electrostatic potential in asymmetric SOL-divertor

plasma with TsA > TsB. SOL current j carrying heat ¯ux qj

drives thermoelectric instability. Geometry for ®ve-point model

is also shown.
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We next extend the model for the stability analysis.

Instead of TsA and TsB, we introduce new variables, Td �
�TsB � TsA�=2 and r � �TsB ÿ TsA�=Td. The variable r
indicates the degree of the asymmetry in the divertor

plasma temperature. The equilibrium is symmetric at

r � 0. Eq. (1) is modi®ed to include a time di�erential

term and is integrated in each SOL and divertor region.

As a result, time di�erentiations of T0; Td and r are

summarized as

dT0

dt
� F1�T0; Td; r�; dTd

dt
� F2�T0; Td; r�;

dr
dt
� F3�T0; Td; r�; �9�

The functions F1; F2, and F3 are calculated when the

following seven parameters are given, the radial particle

di�usivity D?, radial heat di�usivity v?, total particle

¯ow Usep, total heat ¯ow Qsep from the core to the SOL

plasma, particle ¯ux ampli®cation factors RA; RB, and

potential di�erence between divertor plates /pB ÿ /pA.

The particle ¯ux ampli®cation factor R is de®ned by a

ratio of Cs to the particle ¯ux at the throat Cu. Thus, R
characterizes the strength of the recycling in the divertor

region. Steady state solutions of T0; Td and r are ob-

tained from the calculations F1 � F2 � F3 � 0. We ana-

lyze the equilibrium and stability in the (Td; r) plane. At

®rst, the SOL temperature T0 � T0�Td; r� is solved from

a equation, F2 � 0. Trajectories of the other two equa-

tions, F1 � 0 and F3 � 0, are drawn in the (Td; r) plane.

An intersection between these trajectories gives an

equilibrium of Td and r. A linear stability is analyzed by

using a matrix method for Eq. (9). The details of this

stability analysis method will be presented elsewhere [8].

3. Numerical results

Numerical calculations of the equilibrium and the

stability are carried out. The radial particle and thermal

di�usivities are chosen as D? � 1 m2=s and

v? � 2 m2=s, respectively [6]. The ¯ux ampli®cation

factors RA and RB are the same, RA � RB � R. Geo-

metrical parameters are LSOL � 100 m and Ldiv � 4 m,

which are similar to the typical parameters in JT-60U

[4,9].

Fig. 2 shows equilibrium positions in (r; Td) plane

for Usep � 5� 1022 sÿ1 and Qsep � 10 MW. The particle

¯ux ampli®cation factor R is chosen as (a) R � 15 and

(b) 25. The plate potential di�erence /pB ÿ /pA equals

zero for electrically grounded divertor plates. The two

trajectories for F1 � 0 and F3 � 0 are drawn with open

circles and cross points. An equilibrium point is plotted

with a closed circle. The shadow area in Fig. 2 is the

unstable region obtained from the linear stability anal-

ysis. When the recycling is low for (a) R � 15, a sym-

metric equilibrium is stable, which is drawn with a

closed circle S. As the recycling increases to (b) R � 25,

the divertor plasma temperature decreases and the

symmetric equilibrium becomes unstable, which is

drawn with a closed circle U.

The instability is caused by the thermoelectric insta-

bility. This is explained by comparing with the case of

electrically ¯oating divertor plates, as shown in Fig. 3.

The SOL current j is ®xed zero and the plate potential

di�erence /pB ÿ /pA is determined self-consistently. The

parameters Usep � 5� 1022 sÿ1; Qsep � 10 MW and R �
25 are the same as those in Fig. 2(b). The thermoelectric

instability disappears because the SOL current cannot

¯ow. A stable symmetric equilibrium is obtained in

Fig. 3 at the same point of (r; Td) as for Fig. 2(b).

When the symmetric equilibrium is unstable for the

grounded divertor plates as shown in Fig. 2(b), two

asymmetric equilibria are found, which have the same Td

but the opposite signs of r with each other. These

Fig. 2. Equilibrium and stability of SOL and divertor plasmas

for Usep � 5� 1022 sÿ1 and Qsep � 10 MW in case of electrically

grounded divertor plates. Flux ampli®cation factor R is (a) R �
15 and (b) 25. Temperature Td is normalized by DE � 13:6 eV.

Trajectories of F1 � 0 and F3 � 0 in (r; Td) plane are drawn

with open circles and cross points. An intersection between

these trajectories gives an equilibrium point. Shadow area is

unstable region obtained from linear stability analysis. Closed

circles S and U denote stable and unstable equilibrium points,

respectively.
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asymmetric equilibria are stable because the following

two e�ects stabilize the thermoelectric instability. One is

the change in sheath potentials, /sA and /sB, as given by

/sA ÿ /pA �
TsA

e
bÿ ln 1� j

eCsA

� �� �
; �10�

/sB ÿ /pB �
TsB

e
bÿ ln 1ÿ j

eCsB

� �� �
; �11�

which are derived from Eq. (5). For example, when TsA

increases and TsB decreases, the ®rst term in RHS of

Eq. (10) heightens /sA and that of Eq. (11) lowers /sB.

This thermoelectric e�ect generates the SOL current

¯owing from ``A'' to ``B'', i.e., j > 0, and causes the

thermoelectric instability. On the other hand, the second

term in RHS of Eq. (10) lowers /sA, while that of

Eq. (11) heightens /sB. These terms decrease the ther-

moelectric e�ect with a large SOL current at the asym-

metric equilibria. The other stabilizing e�ect is that the

magnitude of the SOL current decreases with increasing

the temperature asymmetry because the plasma resisti-

vity increases in the divertor region of the lower-tem-

perature side. These two e�ects stabilize the

thermoelectric instability at the asymmetric equilibria.

Fig. 4 shows dependences of stable equilibrium val-

ues of (a) T0; TsA; TsB, (b) j and (c) heat ¯ux asymmetry

qpA=qpB on the ¯ux ampli®cation factor R in cases of

grounded and ¯oating divertor plates. The parameters

Usep � 5� 1022 sÿ1 and Qsep � 10 MW are the same as

those in Fig. 2. The SOL current density j is normalized

by eCd where Cd � Usep=�4phrmkC�. The pitch of the

magnetic ®eld h and the major radius rm are h � 0:06

and rm � 3 m, which are similar to the typical parame-

ters in JT-60U [4,6,9]. The radial e-folding length kC for

the particle ¯ux is determined self-consistently in the

calculations. The value of kC changes only slightly

around 4 cm in the parameter range of this paper. Thus,

the value of eCd is about 90 kA=m
2
. The heat ¯uxes

¯owing into the divertor plates qpA and qpB are de®ned

as,

qpA � qsA ÿ �/sA ÿ /pA�j; �12�

qpB � qsB � �/sB ÿ /pB�j; �13�

where the second terms denote the electric heating or

cooling due to the current ¯owing in the potential dif-

ference between the sheath entrance and the plate. In

Fig. 4, one asymmetric equilibrium with TsA P TsB is

drawn and the other asymmetric equilibrium with

TsA6 TsB is obtained only by replacing the subscript A

and B each other and j with ÿj. The symmetric equi-

librium in Fig. 2(a) and that in Fig. 3 correspond with

those at R � 15 and 25 in Fig. 4, respectively. The

asymmetric equilibrium in Fig. 2(b) also corresponds

with that at R � 25 in Fig. 4.

Fig. 4. Dependences of stable equilibrium values of (a)

T0; TsA; TsB, (b) j and (c) qpA=qpB on particle ¯ux ampli®cation

factor R in cases of grounded (closed symbols) and ¯oating

(open symbols) divertor plates. Parameters Usep � 5� 1022 sÿ1

and Qsep � 10 MW are the same as those in Fig. 2. Tempera-

tures T0; TsA and TsB are normalized by DE � 13:6 eV. Arrows

at R � 15 and 25 denote the same equilibria as those in Fig. 2

(a), (b) and 3.

Fig. 3. Equilibrium and stability in case of electrically ¯oating

divertor plates. Parameters Usep � 5� 1022 sÿ1, Qsep � 10 MW

and R � 25 are the same as those in Fig. 2(b). Unstable point in

Fig. 2(a) becomes stable.
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As shown in Fig. 4, the symmetric equilibrium is the

same between two cases, ¯oating and grounded divertor

plates. When R increases from 7 to 43, symmetric Ts=DE
decreases from 4.8 to 0.5 and T0=DE decreases a little

from 7.9 to 7.1 as shown in Fig. 4(a). In the case of

¯oating divertor plates without the SOL current, the

symmetric equilibrium becomes unstable below a critical

divertor plasma temperature T crit1 which is due to the

thermal instability of the divertor radiation as predicted

by Borrass [10]. At the onset of the thermal instability,

the divertor radiation spontaneously generates the di-

vertor asymmetry as also found by Staebler [3].

In the case of grounded divertor plates with the SOL

current, on the other hand, the symmetric equilibrium

becomes unstable due to the thermoelectric instability at

a higher temperature T crit2 than T crit1 as shown in Fig.

4(a). The divertor asymmetry is generated at the onset

of the thermoelectric instability. When R increases from

R � 16 at T crit2 to 35, the di�erence of TsA ÿ TsB increases

up to 19 eV and gradually decreases. The SOL temper-

ature T0 of the asymmetric equilibrium is almost the

same as that of the stable symmetric equilibrium for

¯oating divertor plates.

In an asymmetric equilibrium, the SOL current j
¯ows from higher-Ts side A to the lower-Ts side B as

shown in Fig. 4(b). The SOL current j steeply increases

to a certain value and decreases when R increases. This

decrement of j is explained by the following two reasons.

One is that the di�erence of TsA ÿ TsB, which causes the

thermoelectric potential di�erence, decreases when R
increases from about 20 as shown in Fig. 4(a). The other

is that the plasma resistivity increases with R in both

divertor regions because TsA and TsB both decrease with

increasing R as shown in Fig. 4(a).

The heat ¯ux asymmetry qpA=qpB increases and

reaches to about 1.9 when R increases to 35 as shown in

Fig. 4(c). The heat ¯ux ¯owing into the divertor plate of

the higher-Ts side A becomes larger than that of the

lower-Ts side B. This heat ¯ux asymmetry at the divertor

plate is smaller than that at the sheath entrance, qsA=qsB,

when the SOL current ¯ows. This is because the electric

heating and cooling as given by the second terms in RHS

of Eqs. (12) and (13) mitigate the asymmetry qsA=qsB.

For example, in the case of TsA > TsB and j > 0, the

electric cooling occurs in the sheath of the divertor A

while the heating occurs in that of the divertor B. When

the magnitude of j has its maximum value at R � 20, the

asymmetry qsA=qsB has its maximum value which is

about 20% larger than qpA=qpB.

Fig. 5 shows dependences of stable equilibrium val-

ues of (a) T0; TsA; TsB, (b) j and (c) qpA=qpB on the total

heat ¯ow Qsep. The parameters Usep and R are Usep � 5�
1022 sÿ1 and R � 15. The symmetric equilibrium in

Fig. 2(a) corresponds with that at Qsep � 10 MW in

Fig. 5. The normalized SOL temperature T0=DE is al-

most proportional to Qsep and increases from 5.7 to 8.5

when Qsep increases from 5 to 14 MW. In the case of

¯oating divertor plates, the symmetric equilibrium value

of Ts decreases to T crit1 when Qsep decreases to 5 MW.

The asymmetric equilibria are generated at T crit1. In the

case of grounded divertor plates, the divertor asymmetry

arises at T crit2 higher than T crit1. When Qsep decreases

from 9.4 MW at T crit2, the di�erence of TsA ÿ TsB in-

creases to 16 eV and gradually decreases until TsB de-

creases below 5 eV. As shown in Fig. 5(b), the SOL

current j ¯owing from ``A'' to ``B'' increases to a certain

value and decreases with decreasing Qsep. This decrement

of j is due to the decrement of the di�erence of TsA ÿ TsB

and the increment of the plasma resistivity in SOL and

both divertor regions. The asymmetry qpA=qpB increases

to about 1.8 when Qsep decreases to 6 MW as shown in

Fig. 5(c).

4. Summary and discussion

The thermoelectric instability in tokamak divertor

has been studied numerically by using a ®ve-point model

Fig. 5. Dependences of stable equilibrium values of (a)

T0; TsA; TsB, (b) j and (c) qpA=qpB on total energy ¯ow Qsep in

cases of grounded (closed symbols) and ¯oating (open symbols)

divertor plates. Parameters Usep and R are chosen to be Usep �
5:0� 1022 sÿ1 and R � 15. Arrow at R � 10 denotes the same

equilibrium as that in Fig. 2(a).
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for SOL and divertor plasmas. When the divertor plas-

ma temperature Tdiv is high, a symmetric equilibrium of

the SOL and divertor plasmas is stable. As the divertor

plasma temperature decreases below a critical tempera-

ture, the symmetric equilibrium becomes unstable be-

cause of the thermoelectric instability. When the

symmetric equilibrium is unstable, stable asymmetric

equilibria are found. The SOL current causes sponta-

neously the divertor asymmetry at the onset of the

thermoelectric instability. In an asymmetric equilibrium,

the SOL current ¯ows from the higher-Tdiv side to the

lower-Tdiv side. The heat ¯ux ¯owing into the divertor

plate of the higher-Tdiv side becomes larger than that of

the lower-Tdiv side. The dependence of the asymmetry on

the recycling and the heating power are investigated

quantitatively. The heat ¯ux asymmetry is large for cases

of high recycling and low heating power.

The thermoelectric instability due to the SOL current

can be one of the key factors to generate the divertor

asymmetry in the case of electrically grounded divertor

plates. The detailed analysis of the onset condition for

the thermoelectric instability, e.g., k dependence of T crit2,

will be presented elsewhere [8]. The thermoelectric in-

stability and the resultant asymmetry under detached

plasma conditions will be investigated in the future.
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